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Abstract  
Shape instabilities during constrained sintering experiment of bi-layer porous and dense cerium gadolinium oxide (CGO) 
structures have been analyzed. An analytical and a numerical model based on the continuum theory of sintering has been 
implemented to describe the evolution of bow and densification kinetics in the sintering processes that consists of iso-rate and 
isothermal phases. The significant influence of weight of the sample (gravity) on the evolution of bow, especially in the 
isothermal sintering phase, is taken in to account. The modeling predictions indicate good agreement with the results of 
sintering of a bi-layered cerium-gadolinium oxide system in terms of evolution of bow, porosity and thickness.  
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Introduction  
To improve the efficiency of membrane and solid oxide fuel cell technologies, it is often advantageous to increase the 
surface areas of the layers while decreasing their thickness. Sintering samples with such geometry is challenging, due to shape 
instabilities causing undesired distortion [1-4]. During sintering of multi-layer structures different densification rates can cause 
development of stresses leading to defects like cracks and macrostructural distortions [3-8]. Asymmetric arrangement of layers 
usually relaxes the mismatched stress evolutions by warping. Therefore there is a growing interest to understand how the 
intrinsic material properties can affect the evolution of distortion in order to reduce the stress development.  
There have been a number of reported works that deal with distortions in bi-layer ceramic systems. One of these is the work 
by Chiang et al.[6], where a high and low dense borosilicate glass and alumina layers were co-fired to study the mismatch 
stress evolutions using the rate of bow development. Chiang et al. assumed the entire stress field to be due to the shrinkage 
rate difference. In addition, the stress and strain distributions along the section of the layers are known to be linear according to 
the beam theory, but in the model by Chiang et al. a uniform strain distributions are assumed over each layer, which could have 
affected the accuracy of the model. 
Detailed work on experimental observation of processing defects and the corresponding viscoelastic stress computation for 
constrained densification of Alumina/Zirconia hybrid laminates has been published by Cai et al. [7, 8]. After measuring the 
viscous properties of the constituent layers using cyclic loading dilatometry, Cai et al. were able to model the bow evolution of 
bi-layers in good agreement with experimental results. Cai et al. however did not consider the evolution of thickness of each 
layer during densification, which is significant in case of highly porous layers.   
In most of the works reported, the kinetics of densification and shape distortions are discussed either in the iso-rate or 
isothermal sintering phase with the relative differential shrinkage to be the factor controlling distortion [1-8, 16-22]. But the 
weight of the sample (gravity) also affects the rate of distortion by being an additional factor creating creep in the porous layers. 
Furthermore It is also necessary to develop a model for the entire sintering process consisting of the iso-rate and isothermal 
phases as is the actual practice. The work by Frandsen et al. [9], from which the basis for the modeling approach adopted in this 
study, is built on viscous analogy of classical laminate theory, where the effect of weight of the sample (gravity) on the distortion 
is also considered.  
In this study, the experimental work reported by Esposito et al. [10] on tapes made from Cerium Gadolinium Oxides or CGO 
(Rhodia S.A.,France) with a specific surface area of 6.6 m
2
/g (d50 particle size 0.2 µm) are used for demonstrations. Esposito et 
al. fabricated samples that consisted of two layers of CGO tape-casted on top of each other. One of the layers contained a 
significant amount of pre-calcined powder and graphite powder (V-UF1 99.9, Graphit Kropfmühl, Germany) as a pore former 
and will be referred to as CGO_P. The other layer has a higher density and will be referred to as CGO_D. The relative density 
and initial thickness of the porous layer was 18 vol% and 380 µm respectively. The corresponding dense layer was 48 vol% 
dense and 30 µm thick initially. The dense and porous tapes of length 24.5 mm and width 5.1 mm were laminated using screen 
printing. The samples were subsequently co-fired in a furnace with a temperature-time profile, which consists of constant rate 
firing with 0.83 K/min from 400
o
C to 1100
o
C followed by an isothermal sintering at 1100
o
C for 4 hours. Individual samples of 
each layer were also sintered in the same furnace in order to observe the free shrinkage of the each layer. The evolutions of 
curvature in the bi-layer sample and shrinkage of the free samples were recorded in-situ using a high temperature furnace 
equipped with an optical dilatometer (Fraunhofer-Institute Silicateforschung, Germany).    
The objective of this study is to present an improved way of modeling bow evolution during the entire sintering of porous 
and dense layers of CGO (Ce0.9 Gd0.1 O1.95-d) where the effect of gravity on the distortion evolution is considered to be another 
stress generating factor in addition to the differential shrinkage. Furthermore a linear distribution of strain with the evolution of 
thickness across each layer has also been considered. The same approach is also implemented numerically based on 3D finite 
element technique. 
   
Co-sintering Model  
The analysis is made based on continuum theory of sintering, which relates the external load to the strain rate by nonlinear 
viscous constitutive relationship [11, 12] as shown in Eq. (1).  
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where 0  is the shear viscosity of the fully dense materials,  and  are the normalized shear and bulk viscosities, LP is the 
effective driving potential for sintering or sintering stress,  ij the Kronecker symbol and  ij and e  are the shear and bulk strain 
rates respectively related to the stress tensor ij . The normalized shear and bulk viscosities are considered to be function of 
porosity, . The effective sintering stress is a function of surface energy per unit area ( ) and grain size (G) in the form shown 
by Eq. (2).  

 1
3
( )
2
LP f
G
                                                                                            (2) 
where 1( )f is time dependent function of porosity. The porosity evolution is related to the volumetric densification strain using 
the principles of mass conservation as [6]:  
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For detailed description of the continuum theory of sintering, especially of its microstructural assumptions, 1( )f , please refer to 
Olevsky [11, 12]. 
The shear viscous properties of the fully dense bodies are assumed to vary with temperature (T) and the instantaneous 
grain size (G) in each layer according to Eq. (4). [23]  
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Where A is the pre-exponential constant in the Arrhenius type of viscosity function, 
sE is the apparent activation energy for 
sintering and R is the universal gas constant. 
The simultaneous coarsening or grain growth during the sintering process is considered to be a function of time, t, limited by 
the activation energy for grain growth ( gE ) as shown in Eq.(5) [13, 24]. Here n is the grain growth exponent depending on the 
creep or diffusion mechanism (e.g. n = 2 for Nabarro-Herring creep and n = 3 for Coble creep) and ko is the pre-exponential 
constant [13].     
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(1) Stresses in bi-layer system 
The stresses developed in the bi-layer system that lead to bending of the sample are assumed to be because of two 
phenomena occurring simultaneously during co-firing. These are the relative difference in shrinkage rate of the two layers and 
creep due to stresses from own weight (gravity) of the sample.  
As shown by the schematics of a sectioned bi-layer system in Fig. 1a, the relative difference in the rate of shrinkage 
between a porous thick layer and dense thin layer creates the densification mismatch, which leads to an in-plane force (N
f
) and 
the bending moment (M
f
). For the sample geometry the stress normal to the interface is very small compared to the in-plane 
stresses. So the relative difference in shrinkage generates a biaxial state of sintering stress and a bending moment that bends 
the sample towards the porous layer. This phenomenon can be considered as a creep process due to the internal sintering 
stress, where the biaxial stress is linearly related to the viscosity of the porous body ( 
bE ), which is given by    0 2( )bE f  [9].  In 
this work, positive curvature is defined when the sample bows towards the porous layer.  
 Fig.1: Schematics showing stress in sintering of bi-layer structure (a) due to relative difference in shrinkage & (b) due to creep 
because of own weight. 
Creep because of the own weight (W) of the entire body (gravity), while it sinters is also another phenomena generating 
stresses in the bi-layer structure. Unlike creep due to the internal sintering stress, which deforms the structure towards the 
porous layer, creep due to the weight of the body tends to oppose the deformation (e.g. negative curvature). The reason for this 
is explained schematically in Fig. 1b. Since the width of the sample is small compared to its length, the structure can be 
considered as a beam with evenly distributed weight over its length. Therefore, the creep generates only a uniaxial state of 
stress due to the equivalent bending moment (Meq) which opposes the deformation of the sample. Here also the uniaxial stress 
is considered to be linearly proportional to the viscosity of the porous body ( 
uE ), given by    0 3( )uE f  [9].  
(2) Kinetics of shrinkage and distortion  
In this work, linear distribution of the constrained strain rate across the section of each layer is assumed. This is achieved by 
using the viscous analogy of classical laminate theory with the evolving curvature rate ( ) and longitudinal strain rate ( 0 ) to 
describe the linear strain rate distribution (  ) over the thickness of the beam as shown in Eq. (8) with z representing the vertical 
coordinate of a point in the layer.    
    0 z         
  
 (6) 
The corresponding distribution of stress is also linear with the generalized material viscosity ( E ), which depends on the 
evolving viscosity of porous body, see Eq. (9), and the difference between the constrained (  ) and free shrinkage rates (  f ) 
[9].  
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Further theoretical details of the model described above and the derived microstructural time dependent functions
2 3 and f f  can 
be found in Frandsen et al. [9]. The free shrinkage rates are calculated directly from Eq. (1) using the effective sintering stress,
LP  as: 

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06
f LP                                                                                             (9) 
The longitudinal strain rates ( 0 ) and curvature rate ( ) are evaluated by integrating stresses and the bending moments in both 
layers as [9]:  
 both 0layers dz                                                                                    (10) 
 both 0layers zdz                                                                                   (11) 
Thereby solving the constrained strain rate (  ) with the help of Eq. (8) for the coordinate point defined by z.  The evolving 
porosity ( ) and the thickness (h) of each layer in the bi-layer sample are also updated through time considering the total stress 
states in each layer during the co-firing. The above approaches are used to solve two parallel problems simultaneously 
accounting for the biaxial stresses due to differential shrinkage and the uniaxial stresses due to weight of the sample (gravity).  
The curvature evolution due to the weight of the sample was approximated by assuming a constant equivalent bending moment 
(Meq) [9]. The total curvature rate was then calculated simulating the simultaneous effects in the same co-ordinate system.   
All the information for shrinkages and bow development can be integrated through time according to the sintering profile used in 
the experiment if the viscosities of both layers at fully dense state ( 01 02, ), the corresponding surface energies ( 1 2, ) and the 
grain growth kinetics in each layer (G1,G2) are known.  
(3) Obtaining the constitutive parameters  
In this work, an alternative approach to experimentations has been employed to find the material parameters required for 
modeling the shrinkage and camber development observed during the entire sintering process. This is achieved through first 
modeling the shrinkage and camber development behaviors during isothermal sintering period using the procedures explained 
in section III. For the isothermal sintering, it is assumed that the viscosity of the fully dense materials and grain sizes remain 
constant. This assumption is fairly reasonable for a constant temperature regime as supported by Kanters et al. [3]. Having the 
grain size at the holding temperature (e.g. G1,G2), the model described in Section III can be implemented using Matlab to find 
the shrinkage strains and curvature evolutions. The model predictions for curvature (  ) and free strains (  f ) evolutions in each 
layer can be optimized with the respective experimental data. This can be done by starting the model simulations with realistic 
guesses of the four unknown constitutive parameters of each layer i.e. ( 01 02, ) and ( 1 2, ). The unknown constitutive 
parameters can then be identified as those providing the minimum deviation as per Eq. (12) between the experimental data and 
model simulation.  
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where   and f are the curvature and free shrinkage strains in each layer respectively and the sum taken over all N data points 
in time. For a sintering profile that constitutes an iso-rate followed by isothermal sintering, the grain sizes at the holding 
temperature (e.g.G1,G2) and at the onset of the iso-rate sintering (e.g. G01,G02), could be used to estimate the grain growth pre-
exponential factors (k01,k02), see Eq. (5), using experimentally determined activation energies for grain growth [14]. This would 
help to approximate the grain growth kinetics in the two layers during the iso-rate sintering process as per Eq. (5). Similarly, the 
viscosities estimated for fully dense layers at the holding temperatures using the optimization above, see Eq.(12), can be used 
to calculate the constants (A1,A2), see Eq.(4). This could approximate the viscosity function for the entire sintering process as 
per the temperature variation with the help of experimentally determined apparent activation energy for densification [14]. The 
details of the optimization procedure to find the basic material parameters at the holding temperature together with SEM 
micrograph measurements of porosity and the various assumptions taken can be found elsewhere [15].  
    
Results and Discussions    
Fig.2 shows a SEM image of a section of the bi-layer laminate after sintering. Note that there were no sintering defects such 
as cracks or de-lamination in the interface of the CGO_P and CGO_D layers, which is one of the requirements for the classical 
laminate theory.  
 
 
 
Fig. 2: Cross sectional SEM images of the microstructures: 
CGO_D and CGO_P with no defects 
 
Fig. 3: Viscosity evolutions during the iso-rate sintering   
 
The evolutions of uniaxial viscosities of the porous layers as a function of temperature as per Eq. (4) are shown in the Fig. 3. 
The trend in the evolution of viscosity is consistent with the one reported by Ewsuk et al.[16] showing the influences of 
temperature at the beginning and evolving density at higher temperatures. Table 1 summarizes the different parameters used in 
the modeling of the entire sintering process.   
Table 1: Material parameters used to model the entire sintering process 
Parameter CGO_P CGO_D Source 
Apparent activation  energy for densification (kJ/mol)   430 430 [14] 
Activation  energy for grain growth (kJ/mol)   413 430 [14] 
Initial grain size,G0 (µm) 0.4 0.25 [10] 
Grain size at holding temperature (µm) 1.25 1.25 Estimated 
Initial porosity level (%) 77 42 [10] 
Initial thickness (µm) 380 30 [10] 
Arrhenius constants (Pa.s/m
3
) 7.5 x 10
11
 1.3 x 10
11
 Fitted 
Grain growth pre-exponential factors (m
3
/s) 2.1 x 10
-7
 4.5 x 10
-7
 Fitted 
 
Fig. 4 shows the comparison between experiment and model for the densifications in terms of shrinkage strains in the free 
sintering samples during the entire sintering times. The porous layer is shown to shrink by around 40% while the dense layer 
shrunk by approximately 20%. Shrinkage in the dense layer is also observed to bypass the shrinkage in the porous layer for a 
few range of time in the sintering process. The model also shows a good agreement with experimentally observed shrinkages in 
both CGO_P and CGO_D layers.  
Fig. 5 shows the experimentally observed bow development throughout the entire sintering process in comparison with the 
model prediction. The model captured the development of the bow towards the dense layer due to the faster shrinkage in the 
CGO_D before it is reversed to the porous layer. The effect of gravity is again shown to be significant during the last stage of 
the sintering mainly in the isothermal sintering.  But the influence of gravity in the iso-rate sintering period is shown to be very 
small as the comparison between the models used in this study to the one by Cai et al. reflects (see Fig. 5).         
 
Fig. 4: Comparison of the model to the experimental data for 
free shrinkage strains during the entire sintering  
 
 Fig. 5: Comparison of the model to the experimental data 
for distortion (u) during the entire sintering 
  
Apart from predicting the bow development, the model estimations of the final porosity and thickness are also in a good 
agreement with the results measured from the SEM studies, see Fig. 6. As expected, the porosity of the CGO_P layer shows a 
fast and large reduction compared with the reduction of the dense layer, CGO_D. The model also predicts a similar trend in the 
evolution of thickness with the CGO_P layer showing a large reduction and almost no reduction in thickness for the CGO_D 
layer. Again the final thickness results predicted by the model correspond well with the experimental data as shown in Fig. 7. 
 Fig. 6: Model predictions of porosity evolutions throughout the 
sintering process and SEM measurements at the end of the entire 
sintering. 
 
Fig. 7: Model predictions of thickness evolutions 
throughout the sintering process and SEM 
measurements at the end of the entire sintering. 
Apart from the analytical model, a numerical model is also being developed based on the continuum theory of sintering 
explained in section III using the commercial finite element program COMSOL 4.3.  A user defined creep formulation is coupled 
with evolution equations for porosity to solve for the displacement fields on symmetrical model geometry. The 3D model is 
intended to capture the geometrical features which were not captured by the analytical model like the curvature across the width 
of the sample. Fig. 8 show the 3D image of the distortion observed at the end of the sintering process from an ongoing work on 
numerical model based on finite element methods. Fig.9 also shows the corresponding sample after the sintering experiment. 
The distortion is shown to be large around the edges of the sample which is found to be consistent with the experimental 
observations of the bi-layer system. 
  
 
Fig. 8: 3D finite element result for distortion at the end of the 
sintering process   
 
 
  
Fig. 9: Image of distortion of bi-layered system after the 
entire sintering experiment 
 
Conclusions  
Experimentally observed behaviors of shrinkage and bow development during sintering of bi-layer sample of porous and 
dense cerium gadolinium oxide (CGO) layers were studied. It was possible to get an improved prediction from model 
implemented by considering the effect of gravity on the distortion and using linear distribution of strain rates across the section 
of each layer together with the evolving thickness. The bi-layer was observed to have a reduced deformation rate mainly in the 
isothermal sintering, as is observed experimentally. The reason for this was deducted to be due to gravity, because the free 
sintering samples sintered throughout the experiment. But the influence of gravity, in the experiment considered, is shown to be 
minimal in the iso-rate sintering stage as there are high amount of sintering activity in the porous layer. The complete 
geometrical feature of the distorted sample after the sintering experiment were also modeled numerically and found to be 
consistent with the experiments. 
The effect of gravity could be studied further by varying the length of the samples. Also the effect of porosity which varies along 
the sintering strip according to the variable stress state could also be studied further. 
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